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But, what do we really mean by computing a function?

Often it means evaluating the function at certain points.
Eg An exponential function:  f(x,y)= 2% + 3V then f(1,3) = 29.
Or A polynomial function: f(x,y) = x2 + xy + 1 then f(1,-2) = 0.

But these functions are nice explicit functions with finite description.

A generating function?

Eg, encoding the sequence 1,1,1,1,1,1, ...

Or encoding the sequence 1, 2, 3, 4, 5, . ..

In such cases, it is interesting fo know the rational form of the function
f(t)= 1/(1-1) for |tl<l and g(t)= f(1)2.
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where s is a complex number with Re(s)>1.

encodes the distribution of prime numbers. n=1
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Other zeta functions can be defined Local associated to a particular prime p.

Hasse-Weil Zeta Fn:

in finite fields of char p.

Igusa’s local zeta function:

Given an n-variate polynomial f with integer coefficients and a prime p.

Encodes of polynomial f modulo prime powers pX.

7 p-adic integers
26 = | 1700 lax] :
Zn

s is complex
Re(s)>0

The original definition is not important  Z: (s) is a rational function [Igusa’70s]

Poincare . N(F) 1—1.7(s)
" . k k _ ~Tfp . S
k=0

Computing Z;(s) boils down to compute rational form of poincare series P(?).
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Various methods developed to compute IZF for special family of polynomials.
Stationary Phase Formula Newton polygon method Resolution of Singularities

Not much said about their algorithmic aspect. Known methods are impractical.

Indeed, counting roots of n-variable poly in finite fields is already NP-Hard.

Univariate Polynomials: Better algorithms? Simple rationality proof?

Input: Given l-variable polynomial f(x) with integer coefficients and a prime p.

Output: Efficiently compute the associated Poincare series P(t)=A(t)/B(t) for
univariate polynomials A(t) and B(t) over rationals and t = p-S.

Related to univariate root-counting mod pk.  Coding theory, Crypto, Factoring etc.
Recently [DMS19] computed Ni(f) in det poly-time.

Question: Can we find expression for Ni(f) if it exists?
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where N,(f) is the number of zeros of f(x) mod p* with,

A(7) . deg(A) = O(d?)
PO=507 =P deg(B) = O(d)

We also give the proof of rationality of P(t) by first principles.

Zuniga-Galindo'03 gave a det poly-time algo when f over rationals

Our algo makes no such assumptions  also works for f is defined over 7, .

A closed form expression for N, (f) for univariate f.

Corollary: If f is radical, N,(f) is constant for large enough k.
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Difficulty in computing the poincare series

[ Py = Ny )+ D ) o j Definition of Ni(F) is implicit

p p*
[DMS19] algo for computing Nk(f) is not enough. Too many terms!
What if Nk(f) has nice explicit expression? Say Nk(f) = pk‘1 ?
t 1 1
[P(t)=1+; +? + -+ © j —> [ P(t)_l—t/p ]

Our proof goes via computing closed form expression for Nk(f) when k>=Ko.

kv Radical f:
N (f) = ZP |
i=1

N (f) = ipvi
=1

n = # distinct Z, roots of f. ei = multiplicity, and vi = constant for i-th Z, root.
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Number of roots can be exponential. But each root is close to unique Z, root.

k—v;

So one can split up the Poincare series into n many series

[ . Ny, il ) oy Nigr 1) ot Nigr2,i{(f) K2 4 e J

pko phot] pkot2

Neighbourhood set of i-th root: Compact size N (f) =phI=l,

Nk,i(f) is a nice p-power with exponent linear in k we get Pi(t) in terms of vi and ei.

é . )
P (1) = t(p —t(p— 1) — 1)

p=wle(l = 1)(p — 1
- _J

No(f), Ni(f), . . ., Nko-1(f) are computed by calling [DMS19] ko times. | Ko

= 0.

Use [DMS19] to compute Ni(f) and equate with its expression. Get vi and ei.
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associated to a univariate polynomial which runs in deterministic poly-time.

Could we generalise this to n-variable polynomials? Say n=27

For a general n-variate polynomial even root-counting is NP-Hard!

Thanks for your attention.
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